A PROOF OF THE CLASSIFICATION THEOREM OF OVERTWISTED CONTACT 
STRUCTURES VIA CONVEX SURFACE THEORY 
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Abstract. In ||2|, Y. Eliashberg proved that two overtwisted contact structures on a closed oriented 
3-manifold are isotopic through contact structures if and only if they are homotopic as 2-plane fields. 
We provide an alternative proof of this theorem using the convex surface theory and bypasses. 
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A contact manifold (M,^) is a smooth manifold with a contact structure ^, i.e., a maximally 
non-integrable codimension 1 tangent distribution. In particular, if the dimension of the manifold 
is three, it was realized through the work of D. Bennequin and Y. Eliashberg in [HI, [|3l that contact 
structures fall into two classes: tight or overtwisted. Since then, dynamical systems and foliation 
■ theory of surfaces embedded in contact 3-manifolds have been studied extensively to analyze this 
dichotomy. Based on these developments, Eliashberg gave a classification of overtwisted contact 
structures in [12J, which we now explain. 

Let M be a closed oriented manifold and A c M be an oriented embedded disk. Furthermore, 
we fix a point p e A. We denote by Cont"'{M, A) the space of cooriented, positive, overtwisted 
contact structures on M which are overtwisted along A, i.e., the contact distribution is tangent to A 
along dA. Let Distr(M, A) be the space of cooriented 2-plane distributions on M which are tangent 
to A at p. Both spaces are equipped with the C°° -topology. 

Theorem 0.1 (Eliashberg). Let M be a closed, oriented 3-manifold. Then the inclusion j : 
Cont"'{M, a) — > Distr{M, A) is a homotopy equivalence. 

In particular, we have: 

Theorem 0.2. Let M be a closed, oriented 3-manifold. If ^ and ^' are two positive overtwisted 
contact structures on M, then they are isotopic if and only if they are homotopic as 2-plane fields. 
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Consequently, overtwisted contact structures are completely determined by the homotopy classes 
of the underlying 2-plane fields. On the other hand, the classification of tight contact structures is 
much more subtle and contains more topological information about the ambient 3-manifold. 

The goal of this paper is to provide an alternative proof of Theorem 10.21 based on convex sur- 
face theory. Convex surface theory was introduced by E. Giroux in [[8l building on the work 
of Eliashberg-Gromov 0]. Given a closed oriented surface S, we consider contact structures on 

5 X [0, 1] such that Z x {0, 1} is convex. By studying the "film picture" of the characteristic foli- 
ations on S X {t} as t goes from to 1, Giroux showed in fOl that, up to an isotopy, there are only 
finitely many levels 2 x {?,}, < ?i <•••<?„< 1, which are not convex. Moreover, for small 

6 > 0, the characteristic foliations on S x - e) and 2 x {f, + e], i = 1, 2, • • • ,n, change by a 
bifurcation. In [fTOll , K. Honda gave an alternative description of the bifurcation of characteristic 
foliations in terms of dividing sets. Namely, he defined an operation, called the bypass attachment, 
which combinatorially acts on the dividing set. It turns out that a bypass attachment is equivalent 
to a bifurcation on the level of characteristic foliations. Hence, in order to study contact structures 
on S X [0, 1] with convex boundary, it suffices to consider the isotopy classes of contact structures 
given by sequences of bypass attachments. In particular, we will study sequences of (overtwisted) 
bypass attachments on 5^ x [0, 1], which is the main ingredient in our proof of Theorem P. 2 1 

This paper is organized as follows. In Section 1 we recall some basic knowledge in contact 
geometry, in particular, convex surface theory and the definition of a bypass. Section 2 gives an 
outline of our approach to the classification problem. Section 3 is devoted to establishing some 
necessary local properties of the bypass attachment. Using techniques from previous sections, we 
show in Section 4 that how to isotop homotopic overtwisted contact structures so that they agree in 
a neighborhood of the 2-skeleton. Section 5, 6 and 7 are devoted to studying overtwisted contact 
structures on 5^ x [0, 1] which is the technical part of this paper. We finally finish the proof of 
Theorem 10. 2 1 in Section 8. 

1. Preliminaries 

Let M be a closed, oriented 3-manifold. Throughout this paper, we only consider cooriented, 
positive contact structures ^ on M, i.e., those that satisfy the following conditions: 

(1) there exists a global 1-form a such that ^ = ker(Qr). 

(2) a /\ da > 0, i.e., the orientation induced by the contact form a agrees with the orientation 
on M. 

A contact structure ^ is overtwisted if there exists an embedded disk <z M such that ^ is 
tangent to on dD^. Otherwise, ^ is said to be tight. We will focus on overtwisted contact 
structures for the rest of this paper. 

Let S c M be a closed, embedded, oriented surface in M. The characteristic foliation on 2 
is by definition the integral of the singular line field := <^ T^l,. One way to describe the 

contact structure near 2 is to look at its characteristic foliation. 

Proposition 1.1 (Giroux). Let and be two contact structures which induce the same char- 
acteristic foliation on 2. Then there exists an isotopy 0, : M ^ M, ? G [0, 1] fixing 2 such that 
00 = idand((f>i)^^o = ^i- 

Possibly after a C°°-small perturbation, we can always assume that 2 c M is convex, i.e., there 
exists a vector field v transverse to 2 such that the flow of v preserves the contact structure. Using 
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this transverse contact vector field v, we define the dividing set on E to be := {x e ^vl- 

Note that the isotopy class of Fx does not depend on the choice of v. We refer to [|8l for a more 
detailed treatment of basic properties of convex surfaces. The significance of dividing sets in 
contact geometry is made clear by Giroux's flexibility theorem. 

Theorem 1.2 (Giroux). Assume S is convex with characteristic foliation 2^, contact vector fleld v, 
and dividing set Y^. Let ^ be another singular foliation on S divided by Y^. Then there exists an 
isotopy (pt '. M ^ M,t £ [0,\] such that 

(1) 00 = id and (ptlr-r. = id for all t. 

(2) V is transverse to (pti^dfor all t. 

(3) has characteristic foliation ^ . 

We now look at contact structures on Z x [0, 1] with convex boundary. The first important result 
relating to this problem is the following theorem due to Giroux. 

Theorem 1.3 (Giroux). Let ^ be a contact structure on W = 1. x [0, 1] so that Z x {0, 1 } is convex. 
There exists an isotopy relative to the boundary 0., : W ^ W, s e [0,1], such that the surfaces 
0i(E X {t}) are convex for all butflnitely many t e [0, 1] where the characteristic foliations satisfy 
the following properties: 

(1) The singularities and closed orbits are all non-degenerate. 

(2) The limit set of any half -orbit is either a singularity or a closed orbit. 

(3) There exists a single "retro gradient" saddle-saddle connection, i.e., an orbit from a nega- 
tive hyperbolic point to a positive hyperbolic point. 

In the light of Giroux's flexibility theorem, one should expect a corresponding "film picture" of 
dividing sets on convex surfaces. It turns out that the correct notion corresponding to a bifurcation 
is the bypass attachment, which we now describe. 

Definition 1.4. Let Hbe a convex surface and a be a Legendrian arc in Z which intersects Fx in 
three points, two of which are endpoints of a. A bypass is a convex half -disk D with Legendrian 
boundary, where D n Z = a, Z) (ti Z, and tb{dD) = -1. We call a an admissible arc, and D a 
bypass along a on Z. 

Remark 1.5. The admissible arc a in the above definition is also known as the arc of attachment 
for a bypass in literature. 

Remark 1.6. We do not distinguish isotopic admissible arcs uq and a\, i.e., if there exists a path of 
admissible arcs at, ? e [0, 1] connecting them. 

The following lemma shows how a bypass attachment combinatorially acts on the dividing set. 

Lemma 1.7 (Honda). Following the terminology from Deflnition \L4\ let D be a bypass along a 
on Z. There exists a neighborhood ofLUDcM dijfeomorphic tolLx [0, 1 ], such that Z x {0, 1 } 
are convex, and Fxx{i| is obtained from F^xioi by performing the bypass attachment operation as 
depicted in Figure\l\in a neighborhood of a. 

It is worthwhile to mention that there are two distinguished bypasses, namely, the trivial bypass 
and the overtwisted bypass as depicted in Figure |2] The effect of a trivial bypass attachment is iso- 
topic to an /-invariant contact structure where no bypass is attached, while the overtwisted bypass 
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Figure 1 . A bypass attachment along a. (a) The dividing set on E x {0} before the 
bypass is attached, (b) The dividing set on 2 x {1 } after the bypass is attached. 

attachment immediately introduces an overtwisted disk in the local model, hence, for example, is 
disallowed in tight contact manifolds. 




(a) (b) 
Figure 2. (a) The trivial bypass attachment, (b) The overtwisted bypass attachment. 



2. Outline of the proof 

Let ^ and ^' be two overtwisted contact structures on M, homotopic to each other as 2-plane 
field distributions. Our approach to Theorem 10. 2 l has three main steps. 

Step 1. Fix a triangulation T of M. Isotop ^ and ^' through contact structures such that T becomes 
an overtwisted contact triangulation in the sense that the 1-skeleton T*'^ is a Legendrian graph, 
the 2-skeleton T^^^ is convex and each 3-cell is an overtwisted ball with respect to both contact 
structures. We first show that if e(^) = e H^{M; Z), then one can isotop ^ and ^' so that they 
agree in a neighborhood of T^^\ 

Step 2. We can assume that there exists a ball c M such that ^ and ^' agree on M \ B^. Tak- 
ing a small Darboux ball 5^^^ c B^, observe that ^|g3 and ^'l^a can both be realized as attaching 
sequences of bypasses to 5^,^,. In section 5, we will define the notion of a stable isotopy. Then 
we show that both of sequences of bypass are stably isotopic to some power of the bypass trian- 
gle attachment. Moreover, the boundary relative homotopy classes of ^Igs and ^'|b3, measured by 
the Hopf invariant, are uniquely determined by the number of bypass triangles attached according 

toED. 

Step 3. By elementary obstruction theory, the Hopf invariants of ^{^3 and ^'1^3 are not necessarily 
the same, but they can at most differ by an integral multiple of the divisibility of the Euler class of 
either ^ or See Section 8 for the definition of the divisibility. We show that this ambiguity can 
be resolved by further isotoping the contact structures in a neighborhood of T^^K This finishes the 
proof of Theorem 10.21 
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3. Local properties of bypass attachments 



Let M be an overtwisted contact 3-manifold. Let 2 c M be a closed convex surface with dividing 
set Fx- For convenience, we choose a metric on M and denote M \ S the metric closure of the open 
manifold M - 2. In this paper, we restrict ourself to the case that each connected component of 
M \ 2 is overtwiste(£|. In order to isotop convex surfaces through bypasses freely, we must show 
that there are enough bypasses. In fact, bypasses exist along any admissible Legendrian arc on 2 
provided that the contact structure is overtwisted. This is the content of the following lemma. 

Lemma 3.1. Suppose that M \ 2 overtwisted. For any admissible arc a c 2, there exists a 
bypass along a in M\1L. IfZ separates M into two overtwisted components, then there exists such 
a bypass in each component. 

Proof. The technique for proving this lemma is essentially due to Etnyre and Honda [15|, and in- 
dependently Torisu [[T2l . We construct a bypass D along a as follows. Let D c M \ 2 be an 
overtwisted disk. 

First we push the interior of a slightly into M \ 2 with the endpoints of a fixed to obtain another 
Legendrian arc a, such that a and a cobound a convex bigon B with tb{dB) = -2. Next, take a 
Legendrian arc y connecting a and dD in the complement of 2 U D U 5, namely, the two endpoints 
of y are contained in a and dD respectively and the interior of y is disjoint from 2 U D U 5 as 
depicted in Figure |3l Suppose N{y) = y x [-e, e] is a band with the core y x {0} identified with y. 



such that the characteristic foliation is non-singular and is given by y x {t}, t e [-€, e]. In particular 
yx{-e} and yx {e} are both Legendrian. We want to glue N(y) to D and B so that the characteristic 
foliations match along the common boundary. In order to do so, we recall the following lemma 
first observed by Fraser []6] . 

Lemma 3.2. Let S be an embedded disk in a contact manifold (M, ^) with a characteristic foliation 
which consists only of one positive elliptic singularity p and unstable orbits from p which exit 
transversely from dS . If 5 \, 82 are two unstable orbits meeting at p, and 6i n S = Pi, then, after 
a C°° -small perturbation of S fixing dS , we obtain S' whose characteristic foliation has exactly 

hn general it is possible that all components of M \ 2 are tight even if M is overtwisted. 




Figure 3. The Legendrian arc y connecting dB and dD. 
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one positive elliptic singularity p' and unstable orbits from p' exiting transversely from dS, and 
for which the orbits passing through pi, p2 meet tangentially at p'. 

We first glue A''(7) to D as follows. Let pi = y n dD. By the Flexibility Theorem we may 
suppose that p\ is a half-elliptic singular point of the characteristic foliation on D. Consider a 
slightly larger disk D' D D such that pi is an elliptic singularity of ^l^,-. Let S c D' be a small disk 
neighbothood of pi, which satisfies the conditions in Lemma \32\ Applying Lemma \32\ we can 
perturb S to get a disk D on which the characteristic foliation (in a neighbothood of pi) looks like 
the one depicted in Figure IH 



Jj 




p 




/] 





Figure 4. 

Now we can glue Niy) to D in the obvious way such that the characteristic foliations match 
along the common boundary. We can apply the same trick to glue N{y) to B. In the end we obtain 
a half disk, which we denote by D U N{y) U 5 by abuse of notation, on which the characteristic 
foliation is as depicted in Figure |5l 



Figure 5. The preferred characteristic foliation on D U N{y) U B. 

Note that since the characteristic foliation contains a flowline from the negative half-elliptic- 
half-hyperbolic singularity to the positive half-elliptic-half-hyperbolic singularity, the half disk 
D U N{y) U 5 is not convex. However we can perform a C°°-small perturbation in a neighborhood 
of pi and p2 to obtain a new half disk D such that the singularities pi and p2 are eliminated. The 
characteristic foliation on D is given by Figured which is easily seen to be of Morse-Smale type. 
Therefore D is convex with Legendrian boundary. The dividing set F on D has to separate the 
positive and negative singularities and to be transverse to the characteristic foliation. So F is, up to 
isotopy, the half-circle as depicted in Figure |6]as desired, and therefore D is a bypass along a. □ 

We then show the triviality of the trivial bypass, i.e., attaching a trivial bypass does not change 
the isotopy class of the contact structure in a neighborhood of the convex surface. The proof 
essentially follows the lines of the proof of Proposition 4.9.7 in Geiges Q. Here the contact 
structure may be either overtwisted or tight. 
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Figure 6. The bypass D along a. 

Lemma 3.3. Let (Z x [0,1], f ) be a contact manifold with the contact structure ^ obtained by 
attaching a trivial bypass on (2 x {0}, ^Isxio))- Then there exists another contact structure |, which 
is isotopic to ^ relative to the boundary, such that S x {?} is convex with respect to ^for all t e [0, 1 ]. 

Proof. Since this is a local problem, we may assume that S x [0, 1] is a neighborhood of the 
trivial bypass attachment. By Theorem II .21 any Morse-Smale type characteristic foliation adapted 
to rxx{oi can be realized as the characteristic foliation of a contact structure isotopic to ^ in a 
neighborhood of 2 x {0}. In particular, we can assume that the characteristic foliation on S x {0} 
looks exactly the same as in Figure Ul<0 such that e_ does not connect to any negative hyperbolic 
point other than /z along the flow line. 




(a) (b) 

Figure 7. (a) The characteristic foliation on S x {0}. The trivial bypass is attached 
along the Legendrian arc in dash line, (b) The characteristic foliation on S x {1} 
after attaching the trivial bypass. Here e+ (resp. h+) denote the +-elliptic (resp. 
+-hyperbolic) singular points of the foliation. 

Look at the characteristic foliations on S x {t} as t goes from to 1. Generically we can assume 
that the Morse-Smale condition fails at one single level, say, S x {1/2}, where an unstable saddle- 
saddle connection has to appear as shown in Figure |8l a). 

Let Q c S X {1/2} be an open neighborhood of the flow line from /?_ to e_ as depicted in 
FigureOa). Observe that the characteristic foliation inside Q is of Morse-Smale type, and therefore 
stable in the ^-direction. According to the proof of Proposition 4.9.70 in Geiges CJ^ for a small 
6 > 0, there exists an isotopy 0^ : S x [0, 1] — > S x [0, 1], 6 [0, 1], compactly supported in 
Q.x(l/2- 26, 1/2 25) c E X [0, 1] and 0o = id, such that | = (00,^ satisfies the following: 



This is a stronger version of the usual Elimination Lemma. 
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(a) (b) 

Figure 8 . (a) The characteristic foliation on 2 x { 1 /2}, where a saddle- saddle con- 
nect from to h+ exists. The region Q. contains exactly two singular points 
which are in elimination position, (b) The nonsingular characteristic foliation on Q. 
after the elimination. 



(1) The characteristic foliation on Q x {t} with respect to f is isotopic to the one in Figure [8]^b) 
for ? e [1/2-6,1/2 + 6]. In particular, it is nonsingular. 

(2) For r e (1/2 - 26, \/2 - 6) U {\/2 + 6,\/2 + 26), The characteristic foliation on Q x {t] 
with respect to | is almost Morse-Smale except that there may exist a half-elliptic -half- 
hyperbolic point. 

We remark here that the above conditions are achieved in [|7] by isotoping surfaces S x {t}, t e 
[1/2 - 25, 1/2 -I- 26] while fixing the contact structure ^, but this is equivalent to isotoping ^ while 
fixing 2 X {?}. We will switch between these two equivalent point of view again in the proof of 
Proposition |4]3] 

Now we can make 2 x {t} convex for t e [1/2-6,1/2 + 6] because the only unstable saddle- 
saddle connection is eliminated and therefore the characteristic foliation becomes Morse-Smale. 
For t i [1/2-6,1/2 + 6], there may exist half-elliptic-half-hyperbolic singular points, but we can 
as well construct a contact structure realizing this type of singularity so that each Q x {t} stays 
convex. Hence f constructed above is as required. □ 

Remark 3.4. Let (2 x [0, 1], ^) be a contact manifold such that = ^Ix, and 2 x {t} is convex for 
all ? e [0, 1]. If 2 S ' x5 ' and ^ is tight, then it is a standard fact that ^ is isotopic to an /-invariant 
contact structure relative to the boundary. However, if either 2 = 5 ' x 5 ' or ^ is overtwisted, then 
the above fact is not true anymore. We will study this phenomenon in detail in the case when 
2 = 5^ and ^ is overtwisted in Section 6. 

4. Isotoping contact structures up to the 2-skeleton 

We are now ready to take the first main step towards the proof of Theorem 10.21 Since we will 
isotop contact structures skeleton by skeleton, we start with the following definition. 

Definition 4.1. Let (M, ^) be an overtwisted contact manifold, and T be a triangulation ofM. The 
triangulation T is called an overtwisted contact triangulation if the following conditions hold: 

(1) The 1 -skeleton is a Legendrian graph. 

(2) Each 2-simplex is convex with Legendrian boundary. 
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(3) Each 3-simplex is an overtwisted ball. 

Remark 4.2. The overtwisted contact triangulation defined above is different from the usual contact 
triangulation where the 3-simplexes are assumed to be tight. 

The goal for this section is to prove the following Proposition. 

Proposition 4.3. Let M be a closed, oriented 3-manifold with a fixed triangulation T. Let ^ and 
^' be homotopic overtwisted contact structures on M. Then they are isotopic up to the 2 -skeleton, 
i.e., there exists an isotopy 0, : M — > M, ? e [0, 1], 0o = id such that {(p\)*^ = ^' in a neighborhood 
ofP^\ 

Proof. Before we go into details of the proof, observe that if cp, : M ^ M, t e [0,1], (po = id is an 
isotopy, then (M, T) and (M, ^, 0j^^(7')) carries the same contact information. In fact, we will 
isotop the skeletons of the triangulation T and think of them as isotopies of contact structures. 

By a C°-small perturbation of the 1-skeleton T^^\ we can assume that T^^^ is a Legendrian graph 
with respect to ^ and Performing stabilizations to edges of T^^' if necessary, we can further 
assume that ^ = ^' in a neighborhood of T^^\ For each 2-simplex cr^ in 7^"^^ we can always 
stabilize the Legendrian unknot dcr^ sufficiently many times so that tb{dcr^) < 0. Therefore a C°°- 
small perturbation of cr^ relative to dcr^ makes it convex with respect to ^ (resp. with dividing 
set (rcsp. r^a)- Both ^^'^ ^^-2 ^re proper 1-submanifolds of cr^ and generically the endpoints 
are contained in the interior of the 1-simplexes. See Figure [9]for an example. 

In order to make T an overtwisted contact triangulation for ^ and we still need to make sure 
that all 3-simplexes are overtwisted. We do this for ^, and the same argument applies to Take 
an overtwisted disc D in (M, ^). We can assume that D is contained in a 3-simplex cr^. Let cr^ be 
another 3-simplex which shares a 2-face with cr^, i.e., cr^^Cicr^ = cr^ is a 2-simplex. We claim that 
by isotoping cr^ relative to dcr^ if necessary, we can make both cr\ and a\ overtwisted. The fact that 
M is closed immediately implies that a finite steps of such isotopies will make T an overtwisted 
contact triangulation. To prove the claim, we first take a parallel copy of the overtwisted disk D 
in an /-invariant neighborhood of D, denoted by D' . Pick an arc y connecting D' to cr^ inside (t\. 
Let (T^ be another 2-simplex obtained by isotoping cr^ across D' along y, i.e., (T^ satisfying the 
following conditions: 

(1) 5a-2 = do-'^. 

(2) cr^ U cr^ bounds a neighborhood of D' U y. 

(3) (T^ is convex. 

By replacing cr^ with a^, we obtain two new 3-simplexes, each of which contains an overtwisted 
disk in the interior as claimed. 




Figure 9. An example of the dividing set on a 2-simplex. 
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Now by Giroux's flexibility theorem, it suffices to isotop ^ and ^' so that they induce isotopic 
dividing sets on each 2-simplex relative to T^^\ To achieve this goal, we define the difference 
2-cocycle 6 by assigning to each oriented 2-simplex cr^ an integer x{R+(y^^i)) ~ xiR-^^^^i)) ~ 
X{R+{^^2)) +X{R-{^^2))- Since ^ is homotopic to f as 2-plane fields, [6] = e{0 - = e 
Fp-{M, Z). Hence there exists an integral 1-cocycle 9 so that IdO = 6 since the Euler class is always 
eveno One should think of 6 as an element in Hom(Ci(M), Z). 

Let cr^ 6 T^^^ be an oriented convex 2-simplex and cr^ c dcr^ be an oriented 1 -simplex with the 
induced orientation. We study the effect of stabilizing the 1 -simplex cr^ to the overtwisted contact 
triangulation. If we positively stabilize cr^ once and isotop cr^ accordingly to obtain a new 2- 
simplex (T^, then the dividing set o^i is obtained from F^, by adding a properly embedded arc 
contained in the negative region with both endpoints on the interior of cr^ as depicted in Figure [TOl 
Similarly, if we negatively stabilize cr^ once and isotop cr^ accordingly as before, then the dividing 
set on the isotoped cr^ is obtained from F^, by adding a properly embedded arc contained in the 
positive region and with both endpoints on the interior of cr^ . 




(a) (b) 

Figure 10. (a) The dividing set on cr^ divides it into ±-regions. The bottom edge 
is cr^ . (b) One possible dividing set on cr^ after positively stabilizing cr' once. 

Note that in general, the new overtwisted contact triangulation obtained by +-stabilizing a 1- 
simplex cr' is not unique. In fact, different choices may give non-isotopic dividing sets on the 
isotoped cr^ in the new triangulation. However, for our purpose, we only care about the quantity 
X(R+) - x(R~) oil each 2-simplex and it is easy to see that different choices give the same value 
to this quantity. Thus we will ignore this ambiguity by arbitrarily choosing an isotopy of the 
2-simplex. 

We denote the overtwisted contact triangulation obtained by +-stabilizing cr^ once in (M,^) by 
S*i(^). As remarked at the beginning of the proof, one should think of S^^^i^) as isotopies of ^. It 

is easy to see that S'^X^) changes (7?+ (1^2 )) ~ X(R-(^ i)) by ±1 for any 2-simplex cr^ e T^^^ so 
that cr' c dcr^ as an oriented boundary edge. The same holds for ^' as well. 

Now we argue that one can isotop ^ and ^' so that ^(i?+(F^2)) ~ XiR-i^^i)) = XiR+i^^j-i)) ~ 
;f(i?_(F^2)) ori each 2-simplex cr^. This can be done as follows. For each oriented 1 -simplex 
cr' e T^^\ the 1-cocycle sends it to an integer n = 9((t^). We perform n times the isotopy S'^^XO 
to ^ and n times the isotopy to ^' at the same time. If we perform such operation to every 

1-simplex in T, it is easy to see that the following properties are satisfied: 

^More precisely, if we fix a trivialization of TM and consider the Gauss map associated to the contact distribution, 
then the Euler class of the contact distribution is exactly twice the Poincare dual of the Pontryagin submanifold of the 
Gauss map. 
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(1) ^ = ^' in a neighborhood ofT^^K 

(2) ;r(^+(r^,)) -x(.R-(r^^2)) =xiR~.(^^2)) -;r(^-(rf.'j), ^cr^ e r^^). 

The second property implies that can be obtained from F^^ by attaching a sequence of by- 
passes for each 2-simplex cr^. Recall that T is an overtwisted contact triangulation and in particular 
each 3-simplex is an overtwisted ball. Hence bypasses exist along any admissible arc in cr- inside 
any 3-simplex with cr^ as a 2-face by Lemma 13.11 Therefore by isotoping 2-simplexes through 
bypasses, we can assume that ^ and ^' induce isotopic dividing sets on each 2-simplex relative to 
its boundary. The conclusion now follows immediately from Giroux's flexibility theorem. □ 

5. Bypass triangle attachments 

In this section we study the effect of attaching a bypass triangle to the contact structure, in 
particular, we give an alternative definition of the bypass triangle attachment. We start with the 
definition of the bypass triangle attachment. 

Notation: Let S be a convex surface and a c Z be an admissible arc. We denote the bypass 
attachment along a on Z by cTq,. Let /3 be another admissible arc on the convex surface obtained by 
attaching the bypass along a on Z. We denote the composition of bypass attachments by cr„ * erg, 
where the composition rule is to attach the bypass along a first, then attach the bypass along /3 in 
the same direction. If (M, ^) is a contact manifold with convex boundary, then ^ * cTq, denotes the 
contact structure obtained by attaching a bypass along a to (M, ^). 

Remark 5.1. In general, bypass attachments are not commutative unless the attaching arcs are 
disjoint. 

Definition 5.2. Let be a convex surface and a c 1, be an admissible arc. A bypass triangle 
attachment along a is the composition of three bypass attachments along admissible arcs a, a' and 
a" in a neighborhood of a as depicted in Figure [77] We denote the bypass triangle attachment 
along a by Aa = Ca * cr^' * CTa"- 

Remark 5.3. The second admissible arc a' in the bypass bypass triangle is also known as the arc 
of anti-bypass attachment to CTa- 

Warning: When we define a bypass attachment cTq, along a on (2, Fx), there are several choices 
involved. Namely, we need to choose a multicurve, i.e., a 1-submanifold of E, representing the iso- 
topy class of F^, an admissible arc representing the isotopy class of a, a neighborhood of a where 
aa is supported. Since the space of choices of a and its neighborhood is contractible according to 
Theorem 11.21 we can neglect this ambiguity. However the space of choices of multicurves repre- 
senting Fx is not necessarily contractible. This point will be made clear in the next section. For the 
rest of this paper. Fx always means a multicurve on 2 rather than its isotopy class. 

Remark 5.4. If S = 5^ and Fj; = S \ then the space of choices of multicurve is simply-connected 
since there is a unique tight contact structure in a neighborhood of S ^ up to isotopy. 

Observe that, up to an isotopy supported in a neighborhood of the admissible arc a, the bypass 
triangle attachment does not change F^. 



12 



YANG HUANG 




(C) 

Figure 11. (a) A neighborhood of a on E, along which the first bypass 0-^ is 
attached, (b) The second bypass cr^/ is attached along the dotted arc a', (c) The 
third bypass cTq," is attached along the dotted arc a" and finishes the bypass triangle. 

In what follows we look at bypass triangle attachments along different admissible arcs, which 
leads to our alternative definition of the bypass triangle attachment. 

Lemma 5.5. Let and he two (overtwisted) contact structures on x [0, 1], where a and J3 
are admissihle arcs on x {0}, such that 

(1) X {0,1} is convex with respect to both and^p. 

(2) = in a neighborhood ofS^ x {0} and #r^'2x[0) ~ ^^sMo] ~ ^' 

(3) is obtained by attaching a bypass triangle Aq, to ^als2x{0|' <^nd is obtained by attaching 
a bypass triangle to ^p\six{()]- 

Then is isotopic to ^/j relative to the boundary. 

Proof. Up to isotopy, there are only two different admissible arcs on (S^ x {0},^a\sMo]) (oA {S^ x 
{0}, ^/3ls2xjo))). Namely, one gives the trivial bypass and the other gives the overtwisted bypass. We 
may assume without loss of generality that a is not isotopic to and cr^ is the trivial bypass and 
CTyj is the overtwisted bypass. We complete the bypass triangles Aq, and A^ as depicted in Figure [T2| 




Figure 12. 
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Observe that a' is isotopic to /3, a" is isotopic to fi' and bypass attachments along a and /5" are 
trivial according to Lemma 1331 we have the following isotopies: 

Aa = (Ta* (Ta' * CFa" 
- (Ta' * (Ta" 
-O-ji* (Tfi> 

-CTp* ap' * ap" = Ap. 

Since 5 ^ x {0, 1 } are convex, we can make sure that the isotopies above are supported in the interior 
of52x[0, 1]. □ 

Definition 5.6. A minimal overtwisted ball (B^,^ot) is an overtwisted ball where dBr' has a tight 
neighborhood, and the contact structure ^ot is obtained by attaching a bypass triangle to the stan- 
dard tight ball {B^, ^std)- 

Remark 5.7. By Lemma [531 the minimal overtwisted ball is well-defined even if we do not specify 
the admissible arc along which the bypass triangle is attached. 

With the above preparation, we can now redefine the bypass triangle attachment which is more 
convenient for our purpose. Let (M, ^) be a contact 3-manifold with convex boundary dM = S. 
Identify a collar neighborhood of dM with S x [-1,0] such that dM = S x {0} and the contact 
vector field transverse to dM is identified with the [-1, 0] -direction. Let a c dM be an admissible 
arc along which the bypass triangle is attached. Push a into the interior of M to obtain another 
admissible arc, parallel to a, contained in S x {- 1 /2}, which we still denote by a. Let be a neigh- 
borhood of a in S X {-1/2}. Consider the ball with comers A'^ x [-2/3, -1/3] c M. By rounding 
the comers, we get a smoothly embedded tight ball (5^ ^l^s) c (M, ^), in particular, 55] has a tight 
neighborhood in (M,^). Let {B^,^ot) be a minimal overtwisted ball. We construct a new contact 
manifold (M, |) = (M \ 5^,^) (Bl,^ot), where ^ is an orientation-reversing diffeomorphism 
identifying the standard tight neighborhoods of 55^ and dB^. It is easy to see that f is isotopic to 
the contact stmcture obtained by attaching a bypass triangle to (M, ^) along a. 

Remark 5.8. The uniqueness of the tight contact structure on 3-ball, due to Eliashberg, guarantees 
that the bypass triangle attachment described above is well-defined. 

Using the above altemative description of the bypass triangle attachment, we prove the following 
generalization of Lemma 1531 

Lemma 5.9. Let (M, ^) be a contact 3-manifold with convex boundary, and let a,/3 be two admis- 
sible arcs on dM. Let (resp. ^p) be the contact structure on M obtained by attaching a bypass 
triangle Aa (resp. Ap) along a (resp. fi) to (M, Then ^a is isotopic to ^p relative to the boundary. 

Proof. Without loss of generality, we can assume that a and JS are disjoint. If not, we take another 
admissible arc y which is disjoint from a and JS. We then show that ^a - and ^p ^ ^y, which 
implies ^„ ^ ^p. 

As before, since dM is convex, we can push a and yS slightly into the manifold M, which we still 
denote by a and [3. Now let B]^ c M and 5^ c M be smoothly embedded tight balls containing 
a and jS respectively. Take a Legendrian arc t connecting B]^ and B\, i.e., the endpoints of r are 
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contained in dBl and dB^, respectively, and the interior of r is disjoint from Bl and B^. Moreover, 
we can assume that r fi dBl e F^^s and r n 55| e F^^s. Let A/^(t) be a closed tubular neighborhood 

of T. By rounding the comers of B^ U B^ U N{t), we get a smoothly embedded ball B^ c M 
with tight convex boundary. Using our cut-and-paste definition of the bypass triangle attachment, 
it is easy to see that (5^,^„|53) and (5^,^/3|b3) are isotopic, relative to the boundary, to the contact 
boundary sums (B^,^ot)#b(B^,^std) and (B^,^std)#biB^,^ot), respectively. Hence both are isotopic 
to the minimal overtwisted ball. One simply extends the isotopy by identity to the rest of M to 
conclude that ^ on M. □ 

According to Lemma 15.91 the isotopy class of the contact structure obtained by attaching a 
bypass triangle does not depend on the choice of the attaching arcs. We shall write A for a bypass 
triangle attachment along an arbitrary admissible arc. An immediate consequence of this fact is 
that the bypass triangle attachment commutes with any bypass attachment. This is the content of 
the following corollary: 

Corollary 5.10. Let (M,^) be contact 3-manifold with convex boundary, and a be an admissible 
arc on dM. Then ^*aa*/\-^*/\* cr^. 

Proof. By Lemma [5^ we can arbitrarily choose an admissible arc c dM along which the bypass 
triangle A is attached. In particular, we require that /3 is disjoint from a. Hence a neighborhood of 
fi where A/? is supported in is also disjoint from a. Thus we have the following isotopies: 



Corollary 5.11. Let (S^x[0,l],^) be a contact manifold with convex boundary, where ^ is isotopic 
to a sequence of bypass attachments cr^ * ctj* ■ ■ ■ * cr„, i.e., there exists = to < ti < ■ ■ ■ < t„ = I 
such that x are convex for < i < n and x with the restricted contact structure 

is isotopic to the bypass attachment cfi. Then ^ * his isotopic to for < k < n, where the 
contact structure isotopic to a sequence of bypass attachments cti * ■ ■ ■ * cr^* h* crk+\ • • • * cr„. 

Proof. This is an iterated application of Corollary 15.101 □ 

However, observe that subtracting a bypass triangle is in general not well-defined. So we need 
the following definition. 

Definition 5.12. Two contact structures ^ and ^' on 5 ^x[0, 1] are stably isotopic, denoted by ^ ~ 
if they become isotopic after attaching finitely many bypass triangles to 5^ x {1} simultaneously, 
i.e., ^ * A" ^ ^' * A" for some n e N. 

6. Overtwisted contact structures on 5^ x [0, 1] induced by isotopies. 

Let ^ be an overtwisted contact structure on 5 ^ x [0, 1 ] such that 5 ^ x {0} and 5 ^ x { 1 } are convex 
spheres. In general, any such ^ can be represented by a sequence of bypass attachments. More 
precisely, by Theorem 11.31 there exists an increasing sequence = t^ < ti < ■ ■ ■ < t^ = I such 
that X {ti} is convex and ^\s^x[ti-uti\ isotopic to a bypass attachment cr,- for ? = 1, ■ ■ ■ ,n. In 



~ ^ * A* CTa- 



which proves the commutativity. 



□ 
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this section, we consider a special class of overtwisted contact structures on 5^ x [0, 1] such that 
X {t} is convex for t 6 [0, 1], in other words, there is no bypass attached. 

Let ^0 be an /-invariant contact structure on 5^ x [0, 1] with dividing set To on 5^ x {0}. Let 
(p, : — > S^, t e [0, 1], be an isotopy such that (po = id. We define a new contact structure 
^r^^ = O,(^o) on 52 X [0, 1], where O : 5^ x [0, 1] ^ 5^ x [0, 1] is defined by (x, t) ^ {(p,{x), t). 
Observe that x [t] is convex with respect to ^ro.O) for t £ [0^ 1] by construction. Hence we 
get a smooth family of dividing sets r52xjf| for ? 6 [0, 1]. Conversely, a smooth family of dividing 
sets r52x((|, t e [0, 1] defines a unique contact structure on 5^ x [0, 1], which is isotopic to ^Yo,q> 
constructed above for some isotopy (pt, t e [0, 1]. In practice, it is usually easier to keep track of 
the dividing sets rather than the isotopy. 

Definition 6.1. A contact structure ^ on x [0, 1] is induced by an isotopy ifS^x {t} is convex 
for all t £ [0, 1], or, equivalently, there exists an isotopy O : 5^ x [0, 1] ^ x [0, 1] such that ^ is 
isotopic to ^Yo,(b CIS constructed above. 

It is convenient to have the following lemma. 

Lemma 6.2. Let ^, ^' he two contact structures on x [0, 1] induced by isotopies and let Tt, 
be dividing sets on x {t}, < t < \, with respect to ^, ^' respectively. T/Tq = F^, Fi = Y[ and 
there exists a path of smooth families of multicurves F^, < < 1 satisfying the following: 

(1) Fy is a multicurve, i.e., a finite disjoint union of simple closed curves, contained in x [t] 
for < s < I, < t < \. 

(2) F0 = F,, F,' =F;/orO<r< L 

(3) F^ = Fo, Y\=YJorO<s<l. 

then ^ is isotopic to relative to the boundary. 

Proof By Giroux's flexibility theorem, the path F*, < 5 < 1 of multicurves determines a path of 
contact structures on x [0, 1] such that ^ = ^, ^' = ■ Hence ^ is isotopic to ^' relative to the 
boundary by Gray's stability theorem. □ 

We first consider a bypass attachment to the contact structures on x [0, 1] induced by an 
isotopy. 

Lemma 6.3. Let ^Yo,(S> be a contact structure on x [0, 1/2] induced by an isotopy (pt : ^ S^, 
? e [0, 1 /2], and (5^ x [1/2, 1], cr„) be a bypass attachment along an admissible arc a c x{l/2}. 
Then there exists an admissible arc o' c 5 ^ x {0} such that (5 ^ x [0, 1 ] , ^Pcct * CTa) is isotopic, relative 
to the boundary, to (5^ x [0, 1], erg * ^r^,iD), where Fq is the dividing set obtained by attaching a 
bypass along a to Fq. 

Proof. We basically re-foliate the contact manifold (S ^ X [0, l],^ro,<i)*c^a)- Recall that cTq, attaches a 
bypass D on 5^ x {1/2} so that dD = a UyS is the union of two Legendrian arcs, where tb(a) = -1, 
tb(J3) = 0. We extend D to a new bypass D on 5^ x {0} through the isotopy 0, : — > 5^, 
t € [0, 1/2], by defining D = D U ^(a x [0, 1/2]), where a = (p'^jjia) c 5^ x {0} is the new 
admissible arc along which D is attached, and O : 5^ x [0, 1/2] — > x [0, 1/2] is defined by 
(x, t) ((pt(x), t). By attaching the new bypass D on x {0}, observe that the rest of 5^ x [0, 1] 
can be foliated by convex surfaces, and the contact structure is also induced by O. Hence ^Po,* * (^a 
is isotopic to cTq, * ^r'.U) as desired. □ 
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Definition 6.4. The admissible arc a constructed in Lemma \63\ is called a push-down of a. Con- 
versely, we call a a pull-up of a. 

The rest of this section is rather technical and can be skipped at the first time reading. The only 
result needed for our proof of Theorem D.2l is Proposition I6.15I 

We consider a subclass of the contact structures on 5 ^ x [0, 1 ] induced by isotopies which we will 
be mainly interested in. Fix a metric on S^. Without loss of generality, we assume that there exists 
a small disk Dliy) c S ^ centered at y of radius e and a codimension submanifold r52><(0) of r52x|0) 
such that f^axjoi c Dl{y) and Dl{y)C\r s2x\o] = f52x(oi- Let y{s) c 5^x{0}, s e [0, 1] be an embedded 
oriented loop such that y(0) = 7(1) = y. Let A{y) be an annulus neighborhood of y containing 
Dliy) and disjoint from other components of the dividing set as depicted in Figure [13] We define 
an isotopy (p, : ^ S^, t e [0, 1], supported in A{y) which parallel transports Dliy) along y in 
Aiy). More precisely, by applying the stereographic projection map, we can identify Aiy) with an 
annulus in R^. Then the parallel transportation is given by an affine map (pt : x 'r^ x + yit) - y(0) 
for any x e Dliy) and t e [0, 1]. 




Figure 13. 



Definition 6.5. With the small disk Dliy) D f52xjoi such that ts-x{o\ dDliy) = 0, the annulus 
Aiy) D y and the isotopy (p, : ^ chosen as above, we say that the contact structure ^T^2^^^^,'i> 
on 5^ X [0, 1] is induced by a pure braid of the dividing set, where O : 5^ x [0, 1] — > x [0, 1] 
is induced by (p, as before. We denote such contact structures by ^YMy,Dl(y),yy When there is no 
confusion, we also abbreviate it by ^Y,Dl,y 

Remark 6.6. For any simply connected region D c 5^ x {0} containing f52xjo|, one can isotop so 
that D becomes a round disk with small radius as required in Definition 16. 5[ The isotopy class of 
the contact structure on x [0, 1] induced by a pure braid of the dividing set only depends on the 
choice of D D f52xjo) and the isotopy class of y. 

Remark 6.7. If ^ is a contact structure on 5^ x [0, 1] induced by a pure braid of the dividing set, 
then r52x|0) = r52x(i|. 

Before we give a complete classification of contact structures on 5^ x [0, 1] induced by pure 
braids of the dividing set, we make a digression into the study of its homotopy classes using a 
generalized version of the Pontryagin-Thom construction for manifolds with boundary. See fr\\ 
for more discussions on the generalized Pontryagin-Thom construction. 

We can always assume that the isotopy 0f(f , Dliy),y) : 5^ ^ 5^, ? e [0, 1], discussed in Defini- 
tion |6.5| is supported in a disk D^ <z S^. Trivialize the tangent bundle of D^ x [0, 1] by embedding it 
into so that D^ is contained in the x);-plane. Consider the Gauss map G : (D^ x [0, l],^Y.Dl,y) ~^ 
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5 ^. By Lemma [6^ we can assume without loss of generality that the dividing set is a disjoint union 
of round circles in x {t} for all < f < 1, and /> = (1, 0, 0) G 5^ c is a regular value. Suppose 
the number of connected components #Td^x{0] = then the Pontryagin submanifold B = G'^{p) 
is an oriented framed monotone braid in the sense that B transversely intersects x {t} in m points 
for any < t < 1, and each connected component of the dividing set contains exactly one point. 
It is easy to check that the pull-back framing is the blackboard framing, and consequently the 
self-linking number of S is exactly writhe(S). It follows from the generalized Pontryagin-Thom 
construction that the homotopy class of a contact structure on x [0, 1] relative to the boundary 
is uniquely determined by the relative framed cobordism class of its Pontryagin submanifold S, 
and hence is uniquely determined by writhe{!B) since Hi{D^ x [0, 1], d{D^ x [0, 1]); Z) = 0. One 
may think of writhe{S) as a relative version of the Hopf invariant associated with boundary relative 
homotopy classes of maps x [0, 1] ^ 5^ ^ S^. 

Example 6.8. If To^-x{o\ is the disjoint union of two isolated circles, and f £)2x(0) = S ^ c D^iy) is 
the circle on the left as depicted in Figure [14] The isotopy cpt parallel transports Dl{y) along the 
oriented loop y. We compute the homotopy class of the contact structure ^f.D^y 



Pl P2 




(a) (b) 

Figure 14. (a) The contact structure on x [0, 1] induced by a full twist of the 
dividing circles, where {pi,p2} are pre-images of the regular value p = (1,0,0) G 
S^. (b) The oriented braid with the blackboard framing !B as the Pontryagin sub- 
manifold. 

According to the Pontryagin-Thom construction, since writhe(!B) = -2, the homotopy class of 
^f,Dly is in general different from the /-invariant contact structure, and the difference is measured 
by decreasing the Hopf invariant by 20 

Example 6.9. If r£,2xjoi is the disjoint union of three circles, and t'r)2y^[0] = 5" ' c D^iy) is the circle 
on the left as depicted in Figure [15] The isotopy cp, parallel transports D^iy) along the oriented loop 
J. We compute the homotopy class of the contact structure ^2 ^. 

In this case, one computes that writhe(!B) = 0, hence ^f,Dly is homotopic to the /-invariant 
contact structure. 

Now we are ready to classify the contact structures induced by pure braids of the dividing set 
up to stable isotopy in the sense of Definition 16.51 One goal is to establish an isotopy equivalence 



However, if the divisibility of the Euler class is 2, then 0, gives a contact structure which is homotopic to the 
/-invariant contact structure. We will discuss the divisibility of the Euler class in detail in Section 8. 
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Z)2x[0,l] Pi P2 P3 

(a) (b) 
Figure 15. (a) A braiding by a full twist of the left-hand side dividing circle along 
7, where {pi,P2,P3} = G~\p) is the pre-image of the regular value p = (1,0,0) e 
S^. (b) The oriented framed braid S as the Pontryagin submanifold. 

relation between a pure braid of the dividing set and the bypass triangle attachment. To start with, 
we consider the contact structures induced by two special pure braids of the dividing set as depicted 
in Figure \T6\ In Figure [13 a), the dividing set f c Dl{y) is a single circle, and the dividing set 
contained in the disk bounded by y and disjoint from f is also a single circle. In Figure [T6l b). 
the dividing set f c D^iy) consists of m isolated circles nested in another circle, and the dividing 
set contained in the disk bounded by y and disjoint from f consists of n isolated circles nested in 
another circle. We also assume that either m or n is not zero. For technical reasons, it is convenient 
to have the following definitions. 

Definition 6.10. Given two disjoint embedded circles y,y' c D^, we say y < y' if and only ify is 
contained in the disk bounded by y' . 

Definition 6.11. Let Y <z be a finite disjoint union of embedded circles. The depth of F is 

the maximum length of chains yi < 72 < ■ • ■ < y,-, where yi c T is a single circle for any 
/€ {1,2,--- ,r}. 

Observe that the depth of the dividing set in Figure [Ufa) is 1 , and the depth of the dividing set 
in Figure [T6lb) is 2. It turns out that to study the contact structure induced by an arbitrary pure 
braid of the dividing set, it suffices to consider a finite composition of these two special cases. 




(a) (b) 

Figure 16. 

Lemma 6.12. If(S^x [0, 1], £,2^) is a contact manifold with contact structure induced by a pure 
braid of the dividing set where Y <z and y are chosen as in FigurelWfa). then (5 ^ x [0, 1], ^f.o^.y) 
is isotopic relative to the boundary to {S^ x [0, 1], A^), where denotes the contact structure 
obtained by attaching two bypass triangles on {S^ x {0],^f D2 .y\s2x{0])- 

Proof. Let a be an admissible arc as depicted in Figure [TTl b). Suppose that both bypass triangles 
are attached along a. 
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(a) (b) 

Figure 17. (a) The contact structure is induced by parallel transporting Y c 
along y. (b) Attaching two bypass triangles along the admissible arc a. 



Observe that Aq. = era * cra> * era", where cTq,, era' and era" are all trivial bypass attachments. 
Hence the contact manifold (5^ x [0, 1], A^) can be foliated by convex surfaces by Lemma l33l In 
other words, it is induced by an isotopy. By Theorem 0. Slin El, we know that attaching two 
bypass triangles A^ decreases the Hopf invariant by 2. In Example |6. 8 [ we checked by Pontryagin- 
Thom construction that ^Y,Dly also decreases the Hopf invariant by 2. Observe that the isotopy 
class relative to the boundary of a 2-strand oriented monotone braid with blackboard framing is 
uniquely determined by its self-linking number, which is equal to the Hopf invariant. Hence A^ 
is isotopic Of d2 y in the region where both operations are supported. By extending the isotopy by 
identity to the rest of S^, we conclude that (5^ x [0, l],^f,z);,r) is isotopic relative to the boundary 
to(52x[0, 1],a2). " □ 

Lemma 6.13. If{S^x [0, \],^Y,Dl.y) ^ contact manifold with contact structure induced by a pure 
braid of the dividing set where t <z Dl and y are chosen as in Figure \W(b ), then (S ^ x [0, 1 ] , ^r,Dly) 
is stably isotopic to (5 ^ x [0, 1], a^^^-iX"-!)). 

Proof. Let a c 5^ x {1} be an admissible arc as depicted in the left-hand side of Figure [TSl a). By 
Lemma l6Jl if a is the push-down of a, then ^YMf,Dly) * c» - era* ^r,(S>, where F' is obtained from 
F by attaching a bypass along a. We remark here that ^rMf.oly) and ^r'.o are contact structures 
induced by the same isotopy, but are push-forwards of different contact structures on 5^ x [0, 1]. 
Choose f ' c Dl to be the m isolated circles on the left and y' be an oriented loop as depicted in the 
right-hand side of Figure [Hla). Let jfj y be the contact structure induced by an isotopy which 
parallel transports f' c along y' . Then Lemma [6^ implies that ^p,* is isotopic, relative to 
the boundary, to * j^v y, where <!> is induced by an isotopy that rounds the outmost dividing 
circle. An iterated application of Lemma |6 . 1 2 1 implies that jjv y ^ a^'"^""'\ 

We next isotop the contact structure aa*^^- Consider the n isolated circles nested in a larger cir- 
cle. Let f " c be the leftmost circle among the n circles and y" be an oriented loop as depicted 
in the right-hand side of Figure [rsT b). We pull up a through an isotopy which parallel transports 
f" c Df along y", and observe that the pull-up of a is isotopic to a. By using Lemma [63] one 
more time, we get the isotopy of contact structures era* ^q, - ^p, „ * era- It is left to determine 



^The 3 -dimensional obstruction class 03 used in Theorem 0.5 in ifTTl is by definition the relative version of the Hopf 
invariant which we have discussed above. 
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the isotopy class of the contact structure ^p, pi" y,. Since y" is oriented counterclockwise, by ap- 
plying Lemma l6?T2l (n - 1) times, we get a stable isotopy ^p, jji" y, ~ A^^'""', i.e., ^p, ^2" y, * a^*^""'^ 
is isotopic to the /-invariant contact structure. 
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To summarize what we have done so far, we have the following (stable) isotopies of contact 
structures: 

ff,Di,r * = ^r,(D(f,Di,r) * cr a * cr „' * cr 

- o"5 * ^4 * ^r\D^',y' *crcY' *cr 

^ (Ts * ^4 * ^2m(«-l) ^ ^^^^ ^ ^^^^ 

~ A^d-") * a„ * a2'"("-i) * cr^, * cr^„ 

^ ^2(m-l)(«-l) ^ ^ ^ ^^^^ 

= A^C"-!)^"-!) * A„. 

Note that the third equation from the bottom is only a stable isotopy so that the (possibly) 
negative power of the bypass triangle attachment makes sense. See Definition 15 .121 We will use 
the same trick in the proof of the following Proposition 16. 141 without further mentioning. Hence 
by definition, ^f,Dj,7 stably isotopic to a^''""^^^""^^ as desired. □ 

We now completely classify contact structures on x [0, 1] induced by pure braids of the 
dividing set. 

Proposition 6.14. If{S^x [0, l],^f £,2^) is a contact manifold with contact structure induced by a 
pure braid of the dividing set, then ^Y,Dly stably isotopic to (5^ x [0, 1], a') for some / e N. 

Proof Recall that f c is a codimension submanifold of r52xjo|, and y is an oriented loop 
in the complement of r52x|0) as in Definition 16. 5[ Let f' be the union of components of r52x|0) 
contained in a disk bounded by y and outside of A(y). We may choose the disk so that -y is the 
oriented boundary. Since the contact structure ^f,Dly induced by a pure braid of the dividing 
set, we have r52x(0) = r52xji|. Hence we also view f and f' as dividing sets on x {1}. Choose 
pairwise disjoint admissible arcs a\,a2, - • • , ar, ftr+i, • • • , 0;^ on x {1} such that the following 
conditions hold: 

(1) ai, 0^2, • ■ • , ctr-\ are admissible arcs contained in such that by attaching bypasses along 
these arcs, the depth of f becomes at most 2. 

(2) Ur, dr+i, • • • , tti: are admissible arcs contained in the disk bounded by y and outside of A(y) 
such that by attaching bypasses along these arcs, the depth of f ' becomes at most 2. 

Observe that we choose ai,a2,--- ,ak such that the isotopy class of each a, is invariant under 
the time-1 map 0i which is supported in A(y) \ D^. Hence, by abuse of notation, we do not 
distinguish a, and its push-down through 0f(f, Z)^,y). By Lemma [Ol we have the isotopy of 
contact structures ^f.o^y * '^ai * • ■ • * cr^.^ - o-^^ * ■ • ■ * cr^^j * where is the contact structure 
induced by a finite composition of special pure braids of the dividing set considered in Lemma |6.12| 
and Lemma [6.13[ Therefore ^d, is stable isotopic to a power of the bypass triangle attachment, say 
a' for some / e N. To summarize, we have the following (stable) isotopies of contact structures, 
relative to the boundary. 
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= ^f.Dlj * (o-ai * 0-a\ * CTa'l) * ' ' ' * (CT^, * CTa'^ * (Ta'[) 

- i^tDlr * O-a, * ■ ■ ■ * O-a,) * (cr„'^ * (Ta") *■■■* (cr„^ * CT^^') 

- (o-Q-i * • • • * cr„,. * ^o) * (cr„'^ * (Ta-) *■■■* (cTq,. * cr„^/) 
~ (cTq,; * • • • * cr„, * a') * {o-a'^ * (Ta-) *■■■* (cr,,j * cr„^/) 

- a' * (cr„, * CTa'^ * CTq,'^') * • • • * (o-a, * CTq,^ * CTq,^') 

= a' * A*'. □ 
Hence ^f,Dly is stably isotopic to a' by definition. 

To conclude this section, we prove the following technical result which asserts that under certain 
assumptions and up to possible bypass triangle attachments, one can separate two bypasses. 

Proposition 6.15. Let (S^, F) be a convex sphere with dividing set F and a c (S^, F) be an admis- 
sible arc such that the bypass attachment (Ta increases #F by 2. Suppose that (5^,F') is the new 
convex sphere obtained by attaching cr^ to (S^, F) and suppose /3 c (S^, F') is another admissible 
arc such that the bypass attachment crp decreases #F' by 2. Then there exists an admissible arc 
jS c (5^,F) disjoint from a, a map O : x [0, 1] — > 5^ x [0, 1] induced by an isotopy, and an 
integer / e N such that cr^ * erg ~ cTq, * cr^ * a' * ^d, relative to the boundary. 

Proof. Let 6 be the arc of anti-bypass attachment to cr^ contained in (S^,F') as discussed in Re- 
mark |53l Then 6 intersects F' in three points {pi,P2,P3} as depicted in Figure [l9tb). Let 6i and 
62 be subarcs of 6 from pi to p2 and from p2 to p^ respectively. Observe that, in order to find an 
admissible arc ^ c (5^,F) which is disjoint from a and satisfy all the conditions in the lemma, 
it suffices to find an admissible arc on (S^,F'), which we still denote by ^, and which is disjoint 
from 5 and also satisfies the conditions in the lemma. In fact, by symmetry, we only need ^ to be 
disjoint from ^i. Without loss of generality, we can assume that yS intersects 6 transversely and the 
intersection points are different from pi, p2 and pj,. 




(a) (b) 

Figure 19. (a) The convex sphere (S ^, F) with an admissible arc a. (b) The convex 
sphere (S ^, F') obtained by attaching a bypass along or, where 6 is the arc of the anti- 
bypass attachment. 
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Claim: Up to isotopy and possibly a finite number of bypass triangle attachments, one can arrange 
so that jS and 6\ do not cobound a bigon B on S'^ as depicted in Figure\2Qa). 




(a) (b) (c) 

Figure 20. (a) The admissible arc /3 together with 6\ bound a minimal bigon, 
which contains other components of the dividing set in the interior, (b) Choose a 
disk DI containing all the dividing sets f in the bigon and an oriented loop y so that 
it intersects /3 in exactly one point, (c) The pull-up of through the contact structure 
,Dj,r bounds a trivial bigon with 6\ . 

To verify the claim, note that if 5 is a trivial bigon, i.e., it contains no component of the dividing 
set in the interior, then we can easily isotop /3 to eliminate B. If otherwise, we consider a minimal 
bigon bounded by /3 and 6i in the sense that the interior of the bigon does not intersect with /3. 
Take a disk c B containing all components of the dividing set f in B, namely, Y' n = Y 
and F n (5 \ D^) = 0. By our assumption, the bypass attachment cr^ decreases #r' by 2, so /3 
must intersect Y' in three points which are contained in three different connected components of Y' 
respectively. One can find an oriented loop y : [0, 1] — > 5^ \ F with y(0) = y(l) e Z)^ such that y 
intersects yS in one point. Orient y in such a way that it goes from y n yS to y(l) in the interior of B 
as depicted in Figure l20l' b). Suppose that O : 5^ x [0, 1] ^ 5^ x [0, 1] is induced by an isotopy 
0, which parallel transports along y. By pulling up the the bypass attachment erg through ^r,<s>, 
we get the following isotopy of contact structures (cf. proof of Lemma [6T3l) : 

where Y" is obtained from F' by attaching a bypass along jS, and p is the pull-up of jS which is 
isotopic to the one depicted in Figure |20tc). 

Since ^ and cobound a trivial bigon, a further isotopy of ^ will eliminate the bigon so that yS' 
does not intersect in this local picture. By Proposition 16.141 the contact structure ^Y'MT,Dl,y) 
stably isotopic to A" for some n e N. Define : 5^ x [0, 1] ^ 5^ x [0, 1] by {x, t) i-^ {(p^Kx), t), 
then it is easy to see that ^t" MDly)*^r" ,<!>-HDly) is isotopic, relative to the boundary, to an /-invariant 
contact structure. Since we will use this trick many times, we simply write ^^-i for ^p,^-i(£,2^) when 
there is no confusion. To summarize, we have 

- ^r',<i>(f,D2,y) * cr^* ^r",<i)-i(Di,r) 
~ A" * CTg * ^r",o-i(£»^,y) 
^ erg * a" * ^r',<:>-HDly) 
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By applying the above argument finitely many times, we can eliminate all bigons bounded by p 
and ^1. Hence the claim is proved. 

Let us assume that fi intersects 6i nontrivially, and jS and 6\ do not cobound any bigon on 5^. 
We consider the following two cases separately. 

Case 1. Suppose /3 does not intersect any of the three components of the dividing set generated by 
the bypass attachment cTa. Let Fi, Y2 and Fs be the three dividing circles which intersect with /3. 




(a) (b) (c) 

Figure 21. (a) The convex sphere (5^,F') with an admissible arc /3 intersecting 
^1 in exactly one point, (b) Choose a disk containing Fi and an oriented loop 7, 
along which we apply the isotopy. (c) The pull-up of /3 through the contact structure 
^r,,z)2,y bounds a trivial bigon with 61. 

and an oriented loop 7 in the complement of the dividing set as depicted in Figure l2Ttb) such that 
(^/3 - ^rMri,Dly) * o-jj* ^0-1 ~ A"' * cr^ * ^^-\ by arguments as before for some m e N, where P 
intersects 6^ in exactly two points and cobound a trivial bigon as depicted in Figure l2TTc). Hence 
an obvious further isotopy of [5 makes it disjoint from 6\ as desired. 

If (5 intersects 6\ in more than one point, we orient [5 so that it starts from the point ^ = jS n Fi 
as depicted in Figure |22a). Let qi and ^2 be the first and the second intersection points of yS with 
61 respectively. Note that since we assume jS and 6\ do not cobound any bigon, there is no more 
intersection point /? n along between qi and ^2- Let qqi, qiq and q^q2 be oriented subarcs 
of jS and q2q\ be an oriented subarc of ^i. We obtain a closed, oriented (but not embedded) loop 
7 = qqi U qiq2 U <?2^i U q^ by gluing the arcs together. To apply Proposition I6.14l in this case, 
we take an embedded loop close to 7 as depicted in Figure |22tb), which we still denote by 7. Let 
DI be a small disk containing Fi as usual. Again by pulling up the bypass attachment erg through 
^rMYi,Dl,yY have (stable) isotopies of contact structures - ^rMTi,Dly)*c^*^<^-' ~ A''*cr^*^^-i 
for some r e N, where and bound a trivial bigon. Hence an obvious further isotopy eliminates 
the trivial bigon and decreases #(J3r\6i) by 2. By applying the above argument finitely many times, 
we can reduce to the case where intersects 5i in exactly one point, but we have already solved the 
problem in this case. We conclude that under the hypothesis at the beginning of this case, there ex- 
ists a fi disjoint with 61 such that cto, * cr^ ~ cTa *cr^* a' for some isotopy O and an integer Z E N. 

Case 2. Suppose fi nontrivially intersects the union of the three components of the dividing set 
generated by the bypass attachment cr„. Without loss of generality, we pick an intersection point r 
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(a) (b) (c) 

Figure 22. (a) The convex sphere (5^,r') with an admissible arc jS intersecting 
6i in at least two points, say, qi and q2- (b) The embedded, oriented loop y approx- 
imating the broken loop qqi U qCqi U qiqx U qiq. (c) The pull-up of [5 through the 
contact structure ^Yi,Dl,y bounds a trivial bigon with 6i. 




(a) (b) (c) 

Figure 23. (a) The admissible arc jS, the dividing set F' and 6\ cobound a topolog- 
ical triangle Arripi, which may contain other components of the dividing set in the 
interior, (b) Choose the disk to contain all the components of the dividing set in 
the topological triangle Arripi, and an oriented loop y which intersects /3 in exactly 
one point, (c) By applying the isotopy along y, the admissible arc /3 becomes fi' 
which bounds a trivial triangle with the dividing set and 6i . 



as depicted in Figure 1231 a). Orient /3 so that it starts from r. Let ri be the first intersection point of 
/? and 6i. Then fi, 6i and F' bound a triangle Arripi. By the assumption that there exists no bigon 
bounded by /3 and 6i, the interior of the triangle Arr^pi does not intersect with yS. If the interior of 
the triangle Arripi contains no components of the dividing set, then it is easy to isotop JS so that 
#(J3 n 6i) decreases by 1. If otherwise, take a small disk c Arripi containing all components of 
the dividing set f in Arr\p\, i.e., Arr\pi \Dl does not intersect with the dividing set F'. Let y be an 
oriented loop based at a point in which does not intersect with the dividing set, and intersects 
exactly once. By pulling up the bypass attachment cr^ through ^<i,(f y), we have (stable) isotopies 
of contact structures erg ^ ^rMf,Dly) * cr^ * ^^-i ~ cr^ * A" * ^^-i so that fi, 6i and F' bound a 
trivial triangle in the sense that the interior of the triangle does not intersect with the dividing set. 
Hence we can further isotop to eliminate the trivial triangle and hence decrease #0 n 5i) by 1. 
By applying such isotopies finitely many times, we get an admissible arc such that n ^i) = 
and satisfy all the conditions of the proposition. □ 
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7. Classification of overtwisted contact structures on 5"^ x [0, 1] 
We have established enough techniques to classify overtwisted contact structures on 5^ x [0, 1]. 

Proposition 7.1. Let ^ be an overtwisted contact structure on 5^ x [0, 1] such that x {0, 1} is 
convex with T^^xm = r52x[i) = S^. Then ^ ~ h'^ for some n e N, where A" denotes the contact 
structure on X [0, 1] obtained by attaching n bypass triangles to x {0} with the standard tight 
neighborhood. 

Proof. By Giroux's criterion of tightness, both 5 ^ x {0} and 5 ^ x { 1 } have neighborhoods which are 
tight. Take an increasing sequence = ?o < fi <■•■<?„ = 1 such that ^ is isotopic to a sequence 
of bypass attachments crQ,^ * c^a^ * • ■ • * cra„ ^, where a, c 5^ x {ti} are admissible arcs along which 
a bypass is attached. Define the complexity of a bypass sequence to be c = maxo<,<„ #Ys2y.^f.y The 
idea is to show that if c > 3, then we can always decrease c by 2 by isotoping the bypass sequence 
and suitably attaching bypass triangles. 

To achieve this goal, we divide the admissible arcs on (S^,r) into four types (I), (II), (III) and 
(IV), according to the number of components of Y intersecting the admissible arc as depicted in 
Figure |24l where we only draw the dividing set which intersects the admissible arc. Observe that 
bypass attachment of type (I) increases #r by 2, bypass attachment of type (II) and (III) do not 
change #r, and bypass attachment of type (IV) decreases #r by 2. Hence the complexity of a 
sequence of bypass attachments changes only if the types of bypasses in the sequence change. By 
repeated application of Lemma |63l we may assume that contact structures induced by isotopies 
are contained in a neighborhood of 5^ x {1}. By assumption, x {1} has a tight neighborhood. 
Hence according to Remark [54l we shall only consider sequences of bypass attachments modulo 
contact structures induced by isotopies. 




(I) (II) (III) (IV) 

Figure 24. Four types of admissible arcs a on (5 ^, F). 

Claim 1: We can isotop the sequence of bypass attachments such that only bypasses of type (I) and 
(IV) appear. 

To prove the claim, we first show that a bypass attachment of type (III) can be eliminated. Take 
an admissible arc a of type (III). If the bypass attachment along or is trivial, then by Lemma 1331 
the bypass attachment cTq, is induced by an isotopy. Otherwise there exists an admissible arc /3 
disjoint from a as depicted in Figure |25lall^ such that if one attaches a bypass along a, followed by 
a bypass attached along yS, then the later bypass attachment is trivial. 



'In literature, we say /3 is obtained from a by left rotation. 
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By the disjointness of admissible arcs a and /3, we get the following isotopies of contact struc- 
tures, 

- CTg * cr„. 

Observe that erg * cTq, is a composition of type (I) and type (IV) bypass attachments. Hence a finite 
number of such isotopies will eliminate all bypass attachments of type (III) in a sequence. 

Similarly suppose that cr„ is the bypass attachment of type (II) in a sequence and is nontrivial. 
Then there must exist other components of the dividing set as shown in Figure lIST b). Choose an 
admissible arc /3 disjoint from a as depicted in Figure f25\ h) such that if one attaches a bypass 
along a, followed by a bypass attached along /3, then the later bypass attachment is trivial. By the 
disjointness of a and /3 again, we get the following isotopies of contact structures: 

(Ta - (Ta* (Tfj 
-CTp* (Ta- 

Observe that erg * (Tc is a composition of bypass attachments both of type (III), hence by a further 
isotopy will turn cTa into a composition of bypass attachments of type (I) and (IV). A finite number 
of such isotopies will eliminate bypasses of type (II). The claim follows. 

From now on, we assume that any bypass attachment in ct^q * cTq,, * ■ ■ ■ * cra„_i either increases 
or decreases #r by 2. 

Assume that the complexity of the bypass sequence is achieved at level 5^ x {t,.} for some 
r e {0, 1, • ■ ■ , n} and is at least 5, i.e., #r52x|,,.| = c > 5. Then it is easy to see that cTq,^ ^ is type 
(I) and (Ta,. is type (IV). By Proposition 16. 151 we can always assume that Ur is disjoint from 0,-1 
modulo finitely many bypass triangle attachments. Hence we can view both ar-\ and a,- as admissi- 
ble arcs on 5 ^ x[t,-\}. To finish the proof of the proposition, it suffices to prove the following claim. 

Claim 2: We can isotop the composition of bypass attachments cTq,^ , * cTa, such that the local 
maximum of #r at 5^ x {f^} decreases by at least 2. 

To prove the claim, let y c r52x(,, ,| be the dividing circle which nontrivially intersects a^-i. We 
do a case-by-case analysis depending on the number of points or^ intersecting with y. 

Case 1: If or^ intersects y in at most one point, then one easily check that by applying isotopy 
* CTa,. - CTa, * o'q.,_i to the scqucncc of bypass attachments, #Ysix\tA decreases by 4. 
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Case 2: If intersects y in exactly two points, then once again we apply the isotopy cr.^^ ^ * cTq,^ ^ 
Car * '^a,-i '^he sequence of bypass attachments. Now observe that cTq,^ * cTq., ^ is a composition of 
bypass attachments of type (III). In the proof of the claim above, we see that any bypass attachment 
of type (III) is isotopic to a composition of a bypass attachment of type (IV) followed by a bypass 
attachment of type (I). Such an isotopy also decreases the local maximum of #r by 4. 

Case 3: If or^ also intersects y in three points, we consider a disk D bounded by y and a,.^i as de- 
picted in Figure l26]' a). If D contains no component of the dividing set in the interior, then cra,._i *crQ.^, 
is isotopic to a bypass triangle attachment, more precisely, there exists a trivial bypass along an 
admissible arc 5 on 5^ x {t,.} such that cTq,^ ^ * cTq,^ * cts is a bypass triangle attachment along a^-i- 
Suppose D contains at least one connected component of the dividing set. Let /3 be an admissible 
arc on 5^ X {tr-\} disjoint from ar-i and such that it intersects y in two points and the dividing 
set contained in D in one point as depicted in Figure |26lb). 




Figure 26. 

We have the following isotopies of contact structures due to Lemma [5]9] and the disjointness of 
admissible arcs: 

O-ar-i * CTa,- * A - Cr«,_, * CTa, * AyS 

= * (Tar * CTg * O-p' * (Tpn 

- CT/j* (Ta,.-, * CTa,. * CT/J' * CTjin 

One can check that the last five bypass attachments above are all of type (III). Hence we can 
further isotop as before to eliminate type (III) bypass attachments to decrease the local maximum 
of#rby 2. 

To summarize, we have proved that any sequence of bypass attachments cr^g * cTq,, * • • • * cTq.^ j 
on X [0, 1] is stably isotopic to another sequence of bypass attachments whose complexity is at 
most 3, which is clearly isotopic to a power of bypass triangle attachments. Thus the proposition 
is proved. □ 

8. Proof of the main theorem 



Now we are ready to finish the proof of Theorem P. 21 
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Proof of Theorem [ft2l By Proposition |431 we can isotop f and ^' so that they agree in a neighbor- 
hood of the 2-skeleton. Without loss of generality, we can furthermore assume that there exists an 
embedded closed ball <z M such that 

(1) dBr' is convex and has a tight neighborhood in M with respect to both ^ and ^' . 

(2) ^ = f mM\B^. 

(3) The restriction of ^ and ^' to M \ and to B^ are all overtwisted. 

Take a small ball B\ c 5^ in a Darboux chart so that both ^1^3 and ^'1^3 are tight. We identify 
B^ \ Bl with X [0, 1] and represent the contact structures ^\b\bI ^'\b\bI by two sequences 
of bypass attachments. By Proposition 17. 1[ both ^l^s^^s and ^1^3^53 are stably isotopic to some 
power of the bypass triangle attachment, in other words, there are isotopies of contact structures 
^153^53 * a'' ^ a"^'' and ^'1^3^53 * a* ^ A'"^'* for some n, m,r, s e N. By assumption, the restriction of ^ 
and ^' to M\B^ are overtwisted, so there exist bypass triangle attachments along any admissible arc 
on dB^ according to Lemma ISTI By simultaneously attaching sufficiently many bypass triangles 
to ^\b3\bI and ^'Ib3\b3, we can further assume that ^1^3^53 ^ A", ^'\Bi\Bl - and ^ = ^' on M \ B^. 

Let d be the largest integer such that the Euler class e(^) = e(^') e H^(M; Z) divided by d is still 
an integral class. Such a J is known as the divisibility of the Euler class. Combining Proposition 
2.11 and Theorem 0.5 in ifTTI . we have d\{m -n). To complete the proof of the theorem, we need to 
show that ^|m\b3 is isotopic to ^|m\b3 * A'' relative to the boundary. Since d = g.c.d.{e(Z)\I. e H^XM)], 
it suffices to prove the following more general fact. 

Lemma 8.1. Let 11 be a closed surface of genus g and rj be an I-invariant contact structure on 
2 X [0, 1]. Then rj * a' is stably isotopic to rj relative to the boundary, where I = e(T])(L). 

Proof. Since we only consider stable isotopies of contact structures, one can prescribe any dividing 
set Fx on S such that the Euler class evaluates on S to /. In particular, we consider the dividing 
set on S as depicted in Figure |27] namely, there are g + 1 circles 71 U ■ • ■ U y^+i dividing S into 
two punctured disks, in each of which there are p and q isolated circles respectively. We call the 
left most circles in the sets of p and q isolated circles Fq and Fi respectively. We also choose 
admissible arcs {ai,a2, ■ ■ ■ , ap-i} and {/3\,/32, • • • ,Pq-\], and orient y,-, 1 < z < g + 1, in a way as 
depicted in Figure |27| 




Figure 27. 

An easy calculation shows that / = 2{p - q). Choose small disks D^q, in 2 such that 
n Fx = Fq and D^j n F^ = Fi. Observe that the bypass triangle attachment along any a, 
and Pj consists of three trivial bypass attachments, hence is isotopic to contact structures induced 
by a pure braid of the dividing set. More precisely, let yr, i = 1, 2, • • • ,g + 1, be an oriented 
loop in the negative region which is parallel to y,. We have the following isotopies of contact 
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Structures A^^ * • • • * A^^,^ ^ 7]^^ro,Dl,,r-u-uy-^,) ^ V>i>(u,Dl,,y-) *■■■* '7<i.(ro,D^„,r-^,), where we think of 
U ■ ■ ■ U 7^^j as an oriented loop homologous to the union of the y/s. Similarly one can study the 
bypass triangle attachments along the /3/s, but with an opposite orientation. Let be an oriented 
loop in the positive region which is parallel to y, for 1 < z < ^ + 1 . We have the following (stable) 
isotopies of contact structures A^f * • • • * a'^^ ~ ?7<i.(r,,D2 ..rtu-ur;,,) ^ n<s>(T,,Dl,,y\) *■■■* '7<i>(r,,D2 ,,r;,,)- 
Here we only have a stable isotopy because of our choice of the orientation of y,. To summarize 
the computations above, we get the following (stable) isotopies of contact structures: 

r]*A' ^T]* {aI^ *■■■* aI^^J * (A^f * • • • * A^l^) 

-V* (n<s>iro,Dl^,y-) *■■■* '7(i.(ro,z)2^,r-+i)) * Olmr,,Dl^,r*) * ■■■ * ^<i>(ri,z)2j,y+^,)) 

-V* in<S>iro,Dlo,y-) * '7<t(ri,Z)2,,rt)) * ■ • ■ * in<S>i^o,Dl„,y-^^^) * '7<I.(ri,D2,,y+^,)) 

where the last step follows from the fact that isotopies that parallel transport D^,, and D^j are 
disjoint. 

Now it suffices to prove that Ty^xr. n2 * 77^,^ r,2 +, is stably isotopic to an /-invariant contact 
structure for 1 < i < g + I. To see this, take an annular neighborhood A, of y, containing D^^ 
and ^ and an admissible arc 5, which intersects Fq, Fi, and y, as depicted in Figure |28l We can 
assume that the isotopies 0(Fo, D^^, yr) and 0(Fi ,0^^, yl') axe supported in A,. For simplicity of 
notation, we denote the composition ?7a,(ro,D2p,r7) * V(s>(ri,D- ^,y*) by Vyr 




Figure 28 . An annulus neighborhood A, of y, containing Fq and Fi . 

By pushing down the bypass attachment cr^,. through rjy., we have the following isotopies of 
contact structures: 

7/-J,, * As, = T/y, * O-g, * (Ts'_ * (Ts'l 

- CT's, * n<i(yi) * cr&\ * 0-5;' 

- (Js, * (Tsr * OS'I = A^, 

where 5, is the push-down of 6i which is isotopic to 5,, and the ?7o(y;) is easily seen to be isotopic to 
an /-invariant contact structure. The argument works for all z e { 1 , 2, • ■ ■ , g -1- 1 }, hence we establish 
the stable isotopy as desired. □ 
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